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Èíâàðèàíòû àëãåáð Ëè ðàçìåðíîñòè n ≤ 8 2
1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è
Îäíîé èç âàæíûõ õàðàêòåðèñòèê àëãåáð Ëè ÿâëÿþòñÿ èíâàðèàíòíûå îïåðàòîðû
êîïðèñîåäèíåííîãî ïðåäñòàâëåíèÿ. Àëãåáðàè÷åñêèå èíâàðèàíòû (êëàññè÷åñêèõ)
àëãåáð îáû÷íî íàçûâàþò èíâàðèàíòàìè èëè îïåðàòîðàìè Êàçèìèðà. Ýòè
èíâàðèàíòû èãðàþò âàæíóþ ðîëü â òåîðèè ïðåäñòàâëåíèé, à òàêæå âî
ìíîãèõ èçè÷åñêèõ ïðèëîæåíèÿõ (ìàññîâûå îðìóëû äëÿ ìóëüòèïëåòîâ,
ýíåðãåòè÷åñêèå ñïåêòðû, êâàíòîâûå ÷èñëà è ò.ä.). Çàäà÷à îòûñêàíèÿ èíâàðèàíòîâ
Êàçèìèðà (ò.å. ïîëèíîìèàëüíûõ èíâàðèàíòîâ) äëÿ êëàññè÷åñêèõ àëãåáð áûëà
ðåøåíà â ðÿäå ðàáîò [6, 14, 15, 16℄. Â ÷àñòíîñòè, ÷èñëî íåçàâèñèìûõ èíâàðèàíòîâ
ïðîñòîé àëãåáðû Ëè ðàâíî ðàíãó àëãåáðû [16℄. Â ýòîì ñëó÷àå, çàäà÷à ñâîäèòñÿ
ê àíàëèçó öåíòðà óíèâåðñàëüíîé îáåðòèâàþùåé àëãåáðû U(g). Â ñëó÷àå
íåïîëóïðîñòûõ àëãåáð Ëè èíâàðèàíòû êîïðèñîåäèííåíîãî ïðåäñòàâëåíèÿ ìîãóò
áûòü ðàöèîíàëüíûìè èëè èððàöèîíàëüíûìè. Èìåþòñÿ äàæå àëãåáðû Ëè áåç
èíâàðèàíòîâ, êàê íàïðèìåð Igl(n,R) èëè äâóìåðíàÿ íåàáåëåâà àëãåáðà r2.
Ýòî ïîäðàçóìåâàåò, ÷òî àëüòåðíàòèâíûå ìåòîäû äîëæíû áûòü ðàçâèòû, ÷òîáû
âû÷óñëóòü èíâàðèàíòû. Òàêèì îáðàçîì, âû÷èñëèåíèå èíâàðèàíòîâ òðåáóåò
ðàçðàáîòêè èíûõ ìåòîäîâ.
Â ñòàòüÿõ [7, 8℄ áûëè èññëåäîâàíû èíâàðèàíòû Êàçèìèðà àëãåáð Ëè
íåîäíîðîäíûõ ãðóïï è äðóãèõ àëãåáð, èìåþùèõ âàæíîå ç÷à÷åíèå â èçèêå.
Èíâàðèàíòû òðåõ-, ÷åòûðåõ- è ïÿòèìåðíûõ àëãåáð áûëè âû÷èñëåíû â [13℄, à
äëÿ ðàçðåøèìûõ àëãåáð øåñòîãî ïîðÿäêà â [12℄ è [5℄. Äðóãèå ðåçóëüòàòû îá
èíâàðèàíòàõ ìîãóò áûòü íàéäåíû â [2, 3, 9℄.
Êàê èçâåñòíî, ëþáàÿ ïðîèçâîëüíàÿ àëãåáðà Ëè g ñîñòîèò èç äâóõ ÷àñòåé:
ðàäèêàëà r è àêòîðàëãåáðû g/r. Ôóíäàìåíòàëüíàÿ òåîðåìà Ëåâè-Ìàëüöåâà
äàåò ïîëíîå îïèñàíèå ýòîãî ðàçëîæåíèÿ (íàçûâàåìîãî ðàçëîæåíèåì Ëåâè). À
èìåííî, ëþáàÿ àëãåáðà Ëè ÿâëÿåòñÿ ïîëóïðîñòîé ñóììîé g = s
−→⊕Rr ðàäèêàëà r
è ïîëóïðÿìîé ïîäàëãåáðû s (íàçûâàåòñÿ àêòîðîì Ëåâè), ãäå R ïðåäñòàâëåíèå
àëãåáðû s ò.÷.
R(X) ∗ [Y, Z] = [R(X) ∗ Y, Z] + [Y,R(X) ∗ Z], ∀X ∈ s, ∀Y, Z ∈ r. (1)
Â ÷àñòíîñòè, äëÿ âñåõ X ∈ s îïåðàòîð R  âíåøíåå äèåðåíöèðîâàíèå àëãåáðû
r.
Ýòî ïîçâîëÿåò ñâåñòè çàäà÷ó êëàññèèêàöèè àëãåáð Ëè ê ñëåäóþùèì ñëó÷àÿì:
(i) Êëàññèèêàöèÿ âñåõ ïîëóïðîñòûõ àëãåáð Ëè,
(ii) Êëàññèèêàöèÿ âñåõ ðàçðåøèìûõ àëãåáð Ëè,
(iii) Êëàññèèêàöèÿ âñåõ äèåðåíöèðîâàíèé ðàçðåøèìûõ àëãåáð â ñîîâåòñòâèè
ñ êëàññèèêàöåé ïðîñòûõ àëãåáð Ëè.
Çàäà÷à 1 ðåøåíà ïîëíîñüþ (ñì. íàïðèìåð [10℄), íî çàäà÷è 2 è 3 ðåøåíû
ëèøü ÷àñòè÷íî (êëàññèèêàöèÿ âåùåñòâåííûõ ðàçðåøèìûõ àëãåáð ìàëûõ
ðàçìåðíîñòåé èçâåñòíà, ñì. [11, 19℄.) Â ðàáîòå [21℄ áûëà äàíà êëàññèèêàöèÿ
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íåðàçëîæèìûõ àëãåáð Ëè òèïà g = s−→⊕Rr, êîòîðûõ ðàçìåðíîñòè íå ïðåâûøàþò
äåâÿòè, à â ðàáîòå [22℄ êëàññèèêàöÿ àëãåáð Ëè 10-ãî ïîðÿäêà ñïåöèàëüíîãî âèäà.
Â íàøåé ðàáîòå íàéäåíû îáîáùåííûå èíâàðèàíòû êîïðèñîåäèíåííîãî
ïðåäñòàâëåíèÿ íåðàçëîæèìûõ àëãåáð Ëè n-ãî ïîðÿäêà ñ íåòðèâèàëüíûì
ðàçëîæåíèåì Ëåâè, ãäå n ≤ 8.
2. Àíàëèòè÷åñêèé ìåòîä è íåêîòîðûå êðèòåðèè
Ìû êîðîòêî íàïîìèíàåì î ñòàíäàðòíîì ìåòîäå, ÷òîáû îïðåäåëÿòü èíâàðèàíòû
êîïðèñîåäèíåííîãî ïðåäñòàâëåíèÿ àëãåáðû Ëè g, â ÷àñòíîñòè åå îïåðàòîðû
Êàçèìèðà. Ïóñòü
{
Ckij
}
 ñòðóêòóðíûé òåíçîð àëãåáðû Ëè g â áàçèñå {X1, .., Xn}.
Ïóñòü
X̂i = C
k
ijxk∂xj (2)
 ïðåäñòàâëåíèå àëãåáðû Ëè äèåðåíöèàëüíûìè îïåðàòîðàìè, ãäå [Xi, Xj] =
CkijXk (1 ≤ i < j ≤ n, 1 ≤ k ≤ n). Àíàëèòè÷åñêàÿ óíêöèÿ F (x1, .., xn) íà g
∗
íàçûâàåòñÿ èíâàðèàíòîì (êîïðèñîåäèííåíîãî ïðåäñòàâëåíèÿ) àëãåáðû g åñëè
F (f) = F (ad∗g(f)) äëÿ ëþáûõ f ∈ g è g ∈ G, ãäå G  ãðóïïà Ëè, àññîöèèðîâàííàÿ
ñ àëãåáðîé g.
Ïðåäëîæåíèå 1 Ôóíêöèÿ F (x1, .., xn) íà g
∗
ÿâëÿåòñÿ èíâàðèàíòîì àëãåáðû
Ëè òîãäà è òîëüêî òîãäà, êîãäà
X̂iF (x1, .., xn) = C
k
ijxk
∂
∂xj
F (x1, .., xn) = 0, 1 ≤ i ≤ n. (3)
Ñèñòåìà (3)  ýòî ñèñòåìà ëèíåéíûõ îäíîðîäíûõ äèåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Äëÿ àëãåáðû Ëè g
ñóùåñòâóåò ïîëíûé íàáîð èç N (g) èíâàðèàíòîâ, ãäå N (g)  àëãåáðà Ëè
îïðåäåëÿåòñÿ îðìóëîé
N (g) = dim g− rank
(
Ckijxk
)
. (4)
Äëÿ óäîáñòâà èçëîæåíèÿ ìû âêðàòöå ïåðå÷èñëÿåì íåêîòîðûå êðèòåðèè,
èñïîëüçóåìûå ïðè ðåøåíèè çàäà÷è èíòåãðèðîâàíèÿ ñèñòåìû (3) äëÿ àëãåáð Ëè,
êîòîðûå ìû ðàññìàòðèâàåì â íàñòîÿùåé ðàáîòå.
Êðèòåðèé 1 Åñëè g èçîìîðíà ïðîèçâîäíîé àëãåáðå [g, g], òî àëãåáðà èìååò
òîëüêî ïîëèíîìèàëüíûå èíâàðèàíòû.
Äîêàçàòåëüñòâî ýòîé òåîðåìû, êàê è ðÿäa äðóãèõ, ìû çäåñü íå
ðàññìàòðèâàåì. Åãî ìîæíî íàéòè â [1℄. Êàê ìîæíî äîêàçàòü, åñëè (íåïîëóïðîñòàÿ)
àëãåáðà g óäîâëåòâîðÿåò óñëîâèþ g = [g, g], òî ðàäèêàë àëãåáðû íèëüïîòåíòåí
(ñì. íàïðèìåð [2℄). Äëÿ ïîëóïðÿìûõ ñóìì ñïåöèàëüíîãî âèäà èìååò ìåñòî
ñëåäóþùàÿ òåîðåìà [4℄:
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Ïðåäëîæåíèå 2 Ïóñòü g = s−→⊕Rhm (m ≥ 1) àëãåáðà Ëè ñ îäíîìåðíûì
öåíòðîì, ãäå s = sl (2,R) èëè so (3) è hm  àëãåáðà åéçåíáåðãà ðàçìåðíîñòè
(2m+ 1). Òîãäà N (g) = 2, è íåöåíòðàëüíûé èíâàðèàíò C çàäàåòñÿ îðìóëîé
C =
√√√√√√√√√√√√√√
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


x1
x2
x3(
Ckijxk
)
1
2
x4
:
1
2
xdim g−1
−x1 −x2 −x3 −
1
2
x4 ... −
1
2
xdim g−1 0


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.(5)
Ïóñòü R ïðåäñòàâëåíèå àëãåáðû Ëè s è multD0(R)  êðàòíîñòü
òðèâèàëüíîãî ïðåäñòàâëåíèÿ D0 â R.
Ïðåäëîæåíèå 3 Ïóñòü g = s
−→⊕Rr. Åñëè multD0(R) = 0, òî ðàäèêàë
íèëüïîòåíòåí. Â ÷àñòíîñòè, N (g) > 0.
Äîêàçàòåëüñòâî ìîæíî íàéòè â [21℄. Òîãäà íåðàçëîæèìûå àëãåáðû Ëè,
êîòîðûå ÿâëÿþòñÿ ïîëóïðÿìîé ñóììîé ïîëóïðîñòîé è íèëüïîòåíòíîé àëãåáð Ëè
óäîâëåòâîðÿþò êðèòåðèþ 1 ‖. Â [18℄ ñëåäóþùèå ðåçóëüòàòû áûëè ïîëó÷åíû,
÷òîáû ïðîàíàëèçèðîâàòü èíâàðèàíòû áîðåëåâñêèõ ïîäàëãåáð ïîëóïðîñòûõ
àëãåáð Ëè:
Îïðåäåëåíèå 1 Àíàëèòè÷åñêàÿ óíêöèÿ F (x1, .., xn) íà g
∗
íàçûâàåòñÿ îòíîñè-
òåëüíûì èíâàðèàíòîì àëãåáðû g, åñëè
[F,Xi] = λiXi, (6)
äëÿ ëþáûõ Xi ∈ g, ãäå λi  ÷èñëîâîé ìíîæèòåëü.
Ëåììà 1 Åñëè F è G îòíîñèòåëüûå èíâàðèàíòû àëãåáðû g ñ ÷èñëîâûìè
ìíîæèòåëÿìè λ1 (ñîòâ. λ2), òî F
λ2G−λ1 åñòü èíâàðèàíò àëãåáðû.
Äîêàçàòåëüñòâî. Ïóñòü X  ýëåìåíò àëãåáðû g.[
X,F λ2G−λ1
]
= XF λ2G−λ1 − F λ2G−λ1X =
[
X,F λ2
]
G−λ1 − F λ2Gλ1
[
X,Gλ1
]
G−λ1
= λ1λ2F
λ2G−λ1 − F λ2G−λ−1(λ2λ1G
λ1)G−λ1 = 0. (7)
Ñ ïîìîùüþ ýòîé ëåììû ìîæíî èçó÷àòü èíâàðèàíòû ïîëóïðÿìûõ ñóìì s
−→⊕Rr
ïîëóïðîñòûõ è ðàçðåøèìûõ àëãåáð Ëè.
Ïðåäëîæåíèå 4 Ïóñòü ĝ àëãåáðà Ëè è g  ïîäàëãåáðà êîðàçìåðíîñòè 1 òàêàÿ,
÷òî èìååò ìåñòî ñëåäóþùåå òîæäåñòâî:
N (ĝ) = N (g)− 1. (8)
‖ Íèëüïîòåíòíûå àëãåáðû íå óäîâëåòâîðÿþò ýòîìó êðèòåðèþ, íî òàêæå èìåþò òîëüêî
èíâàðèàíòû Êàçèìèðà [10℄.
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Òîãäà âñÿêèé èíâàðèàíò àëãåáðû ĝ ÿâëÿåòñÿ èíâàðèàíòîì òàêæå è ïîäàëãåáðû
g. Â ÷àñòíîñòè, ñóùåñòâóåò ýëåìåíò X /∈ g, òàêîé ÷òî
∂C
∂x
= 0 (9)
äëÿ êàæäîãî èíâàðèàíòà àëãåáðû ĝ.
Äîêàçàòåëüñòâî. Øàðï è äð. ïîêàçàëè â [17℄, ÷òî ÷èñëî íåîáõîäèìûõ
âíóòðåííèõ ðàçìåòêîâ èíäóöèðîâàííîãî ïðåäñòàâëåíèÿ àëãåáðû ĝ àññîöèèðîâàííîå
ñ ðåäóêöèåé g →֒ ĝ ðàâíÿåòñÿ
n =
1
2
(dim ĝ−N (ĝ)− dim g−N (g)) + l′, (10)
ãäå l′  ÷èñëî îáùèõ èíâàðèàíòîâ, êîòîðèå òîëüêî çàâèñÿò îò ãåíåðàòîðîâ
ïîäàëãåáðû g. Â ýòîì ñëó÷àå îðìóëà (10) äàåò:
n =
1
2
(−2 dimN (ĝ)) + l′ ≥ 0, (11)
òîãäà l′ = N (ĝ). Èç ýòîãî ñëåäóåò, ÷òî âñÿêèé èíâàðèàíò F àëãåáðû ĝ çàâèñèò
òîëüêî îò ãåíåðàòîðîâ ïîäàëãåáðû g. Ýòî ïîäðàçóìåâàåò ñóùåñòâîâàíèå ýëåìåíòà
X /∈ g, òàêîé ÷òî
∂F
∂x
= 0
äëÿ êàæäîãî èíâàðèàíòà àëãåáðû ĝ.
Ñëåäñòâèå 1 Ïóñòü g = s
−→⊕Rr ñ multD0(R) = 1. Ïóñòü X ∈ r ò.÷. [s, X ] = 0.
Åñëè [X,Z(n)] 6= 0, ãäå n  íèëüðàäèêàë àëãåáðû r, òîãäà
∂F
∂x
= 0 (12)
äëÿ ëþáîãî èíâàðèàíòà F àëãåáðû g.
Ïðåäëîæåíèå 5 Ïóñòü R  íåïðèâîäèìîå ïðåäñòàâëåíèå àëãåáðû sl(2,R) ëèáî
so(3). Åñëè dimR > 3, òî ñóùåñòâóåò ìàêñèìàëüíàÿ ñèñòåìà Fi èíâàðèàíòîâ
Êàçèìèðà ïîëóïðÿìîé ñóììû g = s
−→⊕R dimRL1, êîòîðûå íå çàâèñÿò îò
ïåðåìåííûõ x1, x2, x3, îòâå÷àþùèõ àêòîðó Ëåâè.
Äîêàçàòåëüñòâà ýòèõ ñâîéñòâ ìîãóò áûòü íàéäåíû â [2, 5℄.
3. Èëëþñòðàòèâíûé ïðèìåð
Îïèøåì, êàêèì îáðàçîì èíâàðèàíòû ïðèâîäÿòñÿ â òàáëèöàõ 1-4. Îñòàâøèåñÿ
ñëó÷àè èññëåäóþòñÿ àíàëîãè÷íî. Ïóñòü Lp8,1  àëãåáðà Ëè, â êîòîðîé ñêîáêà èìååò
âèä:
[X1, X2] = X3, [X1, X3] = −X2, [X2, X3] = X1, [X1, X5] = X6,
[X1, X6] = −X5, [X2, X4] = −X6, [X2, X6] = X4, [X3, X4] = X5,
[X3, X5] = −X4, [X4, X8] = X4, [X5, X8] = X5, [X6, X8] = X6,
[X7, X8] = pX7, (p 6= 0) .
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â áàçèñå {X1, .., X8}. Â ýòîì ñëó÷àå N (L8,1) = 2. Ñèñòåìà (3) ïðèìåò âèä ñèñòåìû
8 óðàâíåíèé, èç ïåðâûõ 7 óðàâíåíèé êîòîðîé ñëåäóåò, ÷òî èíâàðèàíòû íå çàâèñÿò
îò x8. Ïîñëåäíåå óðàâíåíèå ýòîé ñèñòåìû èìååò âèä:
X̂8F := x4
∂F
∂x4
+ x5
∂F
∂x5
+ x6
∂F
∂x6
+ px7
∂F
∂x7
= 0. (13)
Àëãåáðà Lp8,1 ñîäåðæèò èäåàë 7-ãî ïîðÿäêà, êîòîðûé èçîìîðåí àëãåáðå L6,1⊕L1
(ñì. òàáëèöà 1). Ýòà àëãåáðà ìîæåò èìåòü òîëüêî ïîëèíîìèàëüíûå èíâàðèàíòû.
Ôàêòè÷åñêè, èç ðàçëîæèìîñòè ñëåäóåò, ÷òî
N (L6,1 ⊕ L1) = N (L6,1) +N (L1). (14)
Àëãåáðà L6,1 óäîâëåòâîðÿåò êðèòåðèþ 1, ñëåäîâàòåëüíî, îíà èìååò òîëüêî
èíâàðèàíòû Êàçèìèðà. åøàÿ ñèñòåìó (3) ïîäàëãåáðû L6,1 ïîëó÷àåì èíâàðèàíòû:
I1 = x
2
4 + x
2
5 + x
2
6
I2 = x1x4 + x2x5 + x3x6
I3 = x7.
Èç ïðåäëîæåíèÿ 4 ñëåäóåò, ÷òî I1, I2, I3 ÿâëÿþòñÿ îòíîñèòåëüíûìè
èíâàðèàíòàìè óðàâíåíèÿ (13). ×èñëîâûå ìíîæèòåëè èìåþò âèä
X̂8 (I1) = −2I1, X̂8 (I2) = −I2, X̂8 (I3) = −pI3,
Èç ýòîãî ñëåäóåò, ÷òî àëãåáðà L8,1 èììåò ðàöèîíàëüíûå èíâàðèàíòû, êîòîðûå
ñîãëàñíî ëåììû 1 çàïèñûâàþòñÿ â âèäå:
J1 =
Ip1
I23
=
(x24 + x
2
5 + x
2
6)
p
x27
J2 =
Ip2
I3
=
(x1x4 + x2x5 + x3x6)
p
x7
.
Èíâàðèàíòû àëãåáð Ëè ðàçìåðíîñòè n ≤ 8 7
Òàáëèöà 1. Àëãåáðû ðàçìåðíîñòè ≤ 7.
Àëãåáðà Ñòðóêòóðíûå êîíñòàíòû Èíâàðèàíòû
L5,1 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x3x
2
4 − x1x4x5 − x2x
2
5
C425 = 1, C
5
34 = 1, C
5
15 = −1.
L6,1 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
6
15 = 1, I1 = x
2
4 + x
2
5 + x
2
6
C516 = −1, C
6
24 = −1, C
4
26 = 1, C
5
34 = 1, I2 = x1x4 + x2x5 + x3x6
C435 = −1.
L6,2 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = 2x2x3x6 + x
2
5x2 + x1x4x5 − x3x
2
4 +
1
2
x21x6
C425 = 1, C
5
34 = 1, C
5
15 = −1, C
6
45 = 1. I2 = x6
L6,3 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, 
C425 = 1, C
5
34 = 1, C
5
15 = −1, C
j
j7 = 1. (j = 5, 6)
L6,4 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 2, I1 = x
2
5 − 4x4x6
C616 = −2, C
4
25 = 2, C
5
26 = 1, C
5
34 = 1, I2 = x1x5 + 2x2x6 − 2x3x4
C635 = 2.
L7,1 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
6
15 = 1, I1 = (x
2
4 + x
2
5 + x
2
6) (x1x4 + x2x5 + x3x6)
−2
C516 = −1, C
6
24 = −1, C
4
26 = 1, C
5
34 = 1,
C435 = −1, C
j
j7 = 1 (4 ≤ j ≤ 6) .
L7,2 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
7
14 =
1
2
, I1 = x
2
4 + x
2
5 + x
2
6 + x
2
7
C615 =
1
2
, C516 = −
1
2
, C417 = −
1
2
, C524 =
1
2
,
C425 =
1
2
, C726 =
1
2
, C627 = −
1
2
, C634 =
1
2
,
C735 = −
1
2
, C436 = −
1
2
, C537 =
1
2
.
L7,3 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = (x3x
2
4 − x1x4x5 − x2x
2
5)
−p
x26
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
4
47 = 1,
C557 = 1, C
6
67 = p (p 6= 0) .
L7,4 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = (x
2
5x2 + x1x4x5 − x3x
2
4)x
−1
6 + 2x2x3+
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
45 = 1, +
1
2
x21
C447 = 1, C
5
57 = 1, C
6
67 = 2.
L7,5 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 2, I1 = (x1x5 + 2x2x6 − 2x3x4)
2 (x25 − 4x4x6)
−1
C616 = −2, C
4
25 = 2, C
5
26 = 1, C
4
34 = 1,
C535 = 2, C
j
j7 = 1 (j =, 4, 5, 6) .
L7,6 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 3, I1 = 27x
2
4x
2
7 − 18x4x5x6x7 − x
2
5x
2
6+
C515 = 1, C
6
16 = −1, C
7
17 = −3, C
4
25 = 3, +4 (x
3
6x4 + x7x
3
5)
C526 = 2, C
6
27 = 1, C
5
34 = 1, C
6
35 = 2,
C736 = 3.
L7,7 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x4x7 − x5x6
C515 = −1, C
4
25 = 1, C
6
27 = 1, C
5
34 = 1,
C616 = 1, C
7
17 = −1, C
7
36 = 1.
Èíâàðèàíòû àëãåáð Ëè ðàçìåðíîñòè n ≤ 8 8
Òàáëèöà 2. Àëãåáðû ðàçìåðíîñòè 8.
Àëãåáðà Ñòðóêòóðíûå êîíñòàíòû Èíâàðèàíòû
L8,1 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
6
15 = 1, I1 = (x
2
4 + x
2
5 + x
2
6)
p
x−27
C516 = −1, C
6
24 = −1, C
4
26 = 1, C
5
34 = 1, I2 = (x1x4 + x2x5 + x3x6)
p x−17
C435 = −1, C
j
j8 = 1 (4 ≤ j ≤ 7) , C
7
78 = p.
L8,2 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
7
14 =
1
2
, I1 = 16(x4x5 + x6x7) + (x
2
4 + x
2
5 + x
2
6 + x
2
7)
C615 =
1
2
, C516 = −
1
2
, C417 = −
1
2
, C524 =
1
2
, +16(x21 + x
2
2 + x
2
3)x
2
8 + 16x2x8(x5x6 − x4x7
C425 =
1
2
, C726 =
1
2
, C627 = −
1
2
, C634 =
1
2
, +8x3x8(x
2
4 − x
2
5 + x
2
6 − x
2
7)
C735 = −
1
2
, C436 = −
1
2
, C537 =
1
2
, C845 = 1,
C867 = −1. I2 = x8
L8,3 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
7
14 =
1
2
,
C615 =
1
2
, C516 = −
1
2
, C417 = −
1
2
, C524 =
1
2
,
C425 =
1
2
, C726 =
1
2
, C627 = −
1
2
, C634 =
1
2
,
C735 = −
1
2
, C436 = −
1
2
, C537 =
1
2
, C448 = 1,
C558 = 1, C
6
68 = 1, C
7
78 = 1.
Lp8.4 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
7
14 =
1
2
, I1 = x
2
4 + x
2
5 + x
2
6 + x
2
7
C615 =
1
2
, C516 = −
1
2
, C417 = −
1
2
, C524 =
1
2
, I2 = (x
2
4 + x
2
6) (x8 − 2x3) + (x
2
5 + x
2
7)x8+
C425 =
1
2
, C726 =
1
2
, C627 = −
1
2
, C634 =
1
2
, +4 (x2x4x7 − x1x4x5 − x2x5x6 − x1x6x7)+
C735 = −
1
2
, C436 = −
1
2
, C537 =
1
2
, C4848 = p, +2x3 (x
2
5 + x
2
7)
C558 = p, C
6
68 = p, C
7
78 = p, C
6
48 = −1,
C758 = −1, C
4
68 = 1, C
5
78 = 1.
L8,5 C
1
23 = 1, C
3
12 = 1, C
2
13 = −1, C
7
14 =
1
2
, I1 = x8 (x
2
7 + x
2
6 − x
2
6 − 8x
2
4) + 6 (x
2
6 − x
2
7)+
C615 = −
1
2
, C516 = 2, C
8
16 = −1, C
4
17 = −2, +
2
9
x38 − 12x4x6x7
C618 = 3, C
6
24 =
1
2
, C725 =
1
2
, C426 = −2, I2 = 12 (x
2
4 + x
2
5) + 3 (x
2
6 + x
2
7) + x
2
8
C527 = −2, C
8
27 = −1, C
7
28 = 3, C
5
34 = 2,
C435 = −2, C
7
36 = 1, C
6
37 = −1.
L8,6 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x8
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
8
67 = 1. I2 = 2x1x4x5 − 2x3x
2
4 + 2x2x
2
5 + 4x2x3x8+
+x21x8
Lp,q8,7 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = (x3x
2
4 − x1x4x5 − x2x
2
5)
p
x−26
pq6= 0 C515 = −1, C
4
25 = 1, C
5
34 = 1, C
4
48 = 1, I2 = (x3x
2
4 − x1x4x5 − x2x
2
5)
q
x−27
C558 = 1, C
6
68 = p, C
7
78 = q.
Lp8,8 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = (x3x
2
4 − x1x4x5 − x2x
2
5)
p
x−26
p 6= 0 C515 = −1, C
4
25 = 1, C
5
34 = 1, C
4
48 = 1, I2 = (p ln x7 − x6 ln x6) (px6)
−1
C558 = 1, C
6
68 = p, C
6
78 = 1, C
7
78 = p.
L08.8 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x6
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
4
48 = 1, I2 = 2x7 − x6 ln (x3x
2
4 − x1x4x5 − x2x
2
5)
C558 = 1, C
6
78 = 1.
Èíâàðèàíòû àëãåáð Ëè ðàçìåðíîñòè n ≤ 8 9
Òàáëèöà 3. Àëãåáðû ðàçìåðíîñòè 8. (ïðîäîëæåíèå)
Àëãåáðà Ñòðóêòóðíûå êîíñòàíòû Èíâàðèàíòû
Lp,q8,9 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = (x7 − ix6)
p−iq (x7 + ix6)
p+iq
q 6= 0 C515 = −1, C
4
25 = 1, C
5
34 = 1, C
4
48 = 1, I2 = (x3x
2
4 − x1x4x5 − x
2
5x2)
p2+q2
×
C558 = 1, C
6
68 = p, C
7
68 = −q, C
7
78 = q, (x7 − ix6)
2(iq−p)
C778 = p.
Lp8,10 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = (2x2x3x6 + x
2
5x2 + x1x4x5 − x3x
2
4)x
−1
6
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
4
48 = 1,
1
2
x21
C558 = 1, C
6
68 = 2, C
7
78 = p. I2 = x
2
7x
−p
6
L8,11 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = (2x2x3x6 + x
2
5x2 + x1x4x5 − x3x
2
4)x
−1
6
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
4
48 = 1, +
1
2
x21x6
C558 = 1, C
6
68 = 2, C
6
78 = 1, C
7
78 = p. I2 = (2x7 − x6 ln x6)x
−1
6
L8,12 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 2, I1 = (x
2
5 − 4x4x6)
p
x−27
C616 = −2, C
4
25 = 2, C
5
26 = 1, C
4
34 = 1, I2 = (x1x5 − 2x3x4 + 2x2x6)
p x−27
C535 = 2, C
4
48 = 1, C
5
58 = 1, C
6
68 = 1,
C778 = p.
Lε8,13 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x8
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1, I2 = εx
2
8 (4x2x3 + x
2
1) + 2x2x8 (x
2
7 + εx
2
5)
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
8
45 = 1, −2x3x8 (εx
2
4 + x
2
6) + 2x6x7 (x1x8 + x4x5)
C867 = ε. −x
2
4x
2
7
L8,14 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x4x7 − x5x6
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1, I2 = x1x4x5 + x5x6x8 − x4x7x8 + x2x
2
5
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
4
48 = 1,
C558 = 1. −x3x
2
4
L8,15 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x4x7 − x5x6 −
1
2
x28
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1, I2 = x1x4x5 + x5x6x8 − x4x7x8 + x2x
2
5
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
8
67 = 1, −
1
3
x38 − x3x
2
4
C468 = 1, C
5
78 = 1.
L8,16 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1,
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1,
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
4
48 = 1,
C558 = 1, C
4
68 = 1, C
6
68 = 1, C
5
78 = 1,
C778 = 1.
Lp8,17 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1,
p 6= −1 C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1,
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
4
48 = 1,
C558 = 1, C
6
68 = p, C
7
78 = p.
L−18,17 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x4x7 − x5x6
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1, I2 = x1 (x4x7 + x5x6) + 2x2x5x7 − 2x3x4x6+
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
4
48 = 1, x8 (x4x7 − x5x6)
C558 = 1, C
6
68 = −1, C
7
78 = −1.
Èíâàðèàíòû àëãåáð Ëè ðàçìåðíîñòè n ≤ 8 10
Òàáëèöà 4. Àëãåáðû ðàçìåðíîñòè 8. (ïðîäîëæåíèå)
Àëãåáðà Ñòðóêòóðíûå êîíñòàíòû Èíâàðèàíòû
Lp8,18 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1,
p 6= 0 C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1,
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
4
48 = p, x8 (x4x7 − x5x6)
C648 = −1, C
5
58 = p, C
7
58 = −1, C
4
68 = 1,
C668 = p, C
5
78 = 1, C
7
78 = p
L08,18 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 1, I1 = x4x7 − x5x6
C515 = −1, C
4
25 = 1, C
5
34 = 1, C
6
16 = 1, I2 = x1 (x4x7 + x5x6) + x2 (x
2
5 + x
2
7)− x3x
2
4+
C717 = −1, C
6
27 = 1, C
7
36 = 1, C
6
48 = −1, +x8 (x5x6 − x4x7)− x3x
2
6
C758 = −1, C
4
68 = 1, C
5
78 = 1.
L8,19 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 3, I1 = x8
C515 = 1, C
6
16 = −1, C
7
17 = −3, C
4
25 = 3, I2 = 12 (x2x3x
2
8 + x2x5x7x8 − x3x4x6x8)+
C526 = 2, C
6
27 = 1, C
5
34 = 1, C
6
35 = 2, +4 (x4x
3
6 + x3x
2
5x8 + x
3
5x7 − x2x
2
6x8) +
C736 = 3, C
8
47 = 1, C
8
56 = −3. +18 (x1x4x7x8 − x4x5x6x7) + 27x
2
4x
2
7+
+3x21x
2
8 − 2x1x5x6x8 − x
2
5x
2
6
L8,20 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 3,
C515 = 1, C
6
16 = −1, C
7
17 = −3, C
4
25 = 3,
C526 = 2, C
6
27 = 1, C
5
34 = 1, C
6
35 = 2,
C736 = 3, C
4
48 = 1, C
5
58 = 1, C
6
68 = 1,
C778 = 1.
L8,21 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 4, I1 = 3x5x7 − x
2
6 − 12x4x8
C515 = 2, C
7
17 = −2, C
8
18 = −4, C
4
25 = 4, I2 = −2x
3
6 + 9x5x6x7 + 72x4x6x8 − 27x4x
2
7
C526 = 3, C
6
27 = 2, C
7
28 = 1, C
5
34 = 1, −27x
2
5x8
C635 = 2, C
7
36 = 3, C
8
37 = 4.
L8,22 C
2
12 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 2, I1 = x
2
5 − 4x4x6
C616 = −2, C
7
17 = 1, C
8
18 = −1, C
4
25 = 2, I2 = x4x
2
8 + x6x
2
7 − x5x7x8
C526 = 1, C
7
28 = 1, C
5
34 = 1, C
6
35 = 2,
C837 = 1.
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